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state or to result from the growth of a preexisting imperfection. Bifurcation analysis based on the rate-
independent crystal plasticity model is found to give limit strains at a realistic strain level in the biax-
ial-stretching range. Limit strains predicted by the imperfection analysis are lower than those for bifur-
cation analysis and tend to approach those strain levels with decreasing amount of initial imperfection.
Then, the bifurcation analysis is applied to the simulation of the forming limit for strongly textured
sheets. The bifurcation analysis reveals the same trend of a texture dependence of limit strains as that
for the imperfection analysis employing a rate-dependent model reported in the literature.
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In a biaxially stretched sheet metal, the sheet deforms almost
homogeneously up to a certain strain level, after which plastic
deformation starts to localize into a narrow band region with sig-
niﬁcant reduction of the thickness and a localized neck is formed.
Shortly after, a band with highly localized shear strains emerges in
the neck, and is subsequently accompanied by the growth and coa-
lescence of voids, ﬁnally leading to fracture. Thus, the onset of the
localized neck plays the role of a precursor to breakage in sheet
metals. Therefore, the occurrence of the localized neck is one of
the unfavorable phenomena in metal forming operations. In the
present paper, we concentrate our attention on the analysis of
localized necking in sheet metals.
Theoretical, experimental and numerical investigations on
localized necking have been conducted by many researchers as
well as engineers since around 1950. In the early period, investiga-
tions were directed towards the understanding of mechanisms be-
hind localized necking. The targets of recent investigations have
shifted to, in particular, the interpretation of the inﬂuence of
microstructure, such as crystallographic texture, on the formability
(Wu et al., 1997; Yoshida et al., 2007, 2009). The crystal plasticity
model is adopted in the necking analysis so as to incorporate the
information of crystallographic orientation. These results give
guidelines for the development of high-formability sheets. There-
fore, the analysis of sheet necking is still actively carried out onll rights reserved.
: +81 238 26 3205.
oshida).the basis of the crystal plasticity model. There are two convention-
ally applied approaches for sheet necking analysis: bifurcation and
imperfection analyses. The imperfection approach is frequently
used, but the bifurcation approach is not. Moreover, the bifurcation
analysis based on the crystal plasticity model has not been carried
out, because of difﬁculties existing in the rate-independent crystal
plasticity model. These difﬁculties as well as theoretical investiga-
tions on the limit strain are brieﬂy reviewed in the following
paragraphs.
One of the ﬁrst theoretical studies on localized necking was ini-
tiated by Hill (1952), who treated the onset of localized necking as
bifurcation from the homogeneous strain ﬁeld to the highly local-
ized deformation mode. A discontinuity in the velocity gradient
was analyzed with the constraint of zero extension along the neck.
There is, however, no line of zero extension in a biaxially stretched
sheet, and hence Hill’s formulation does not predict the onset of
localized neck in the biaxial-stretching range. Marciniak and Kuc-
zyn´ski (1967) developed a model in which a sheet is postulated
to have a band-type initial thickness imperfection. They were able
to predict limit strains in the biaxial-stretching range by analyzing
the growth of the thickness imperfection. Following the direction
of Hill (1952), a framework of bifurcation analysis, which is capa-
ble of predicting the onset of localized neck in biaxially stretched
sheets, was developed by Stören and Rice (1975). Both the imper-
fection analysis of Marciniak and Kuczyn´ski and the bifurcation
analysis of Stören and Rice have been well accepted and widely
used for forming limit analyses of sheet metals. Whether the
preexistence of initial imperfection is assumed or not is the main
difference between these approaches. However, the mathematical
formulations of these approaches are quite analogous: if the
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model, the problem is reduced to the bifurcation analysis. These
approaches were reviewed and summarized by Rice (1976), Nee-
dleman and Rice (1978), Tvergaard (1980) and Needleman and
Tvergaard (1992).
The prediction of the limit strain at the bifurcation point was
found to be very sensitive to the description of the constitutive
model, especially in the biaxial-stretching range (Stören and Rice,
1975). The J2-ﬂow theory based on a smooth yield surface predicts
a bifurcation at an unrealistic stress level as high as the order of
elastic constants, while the J2-deformation theory, which is derived
as a derivative of Hencky’s total strain theory, predicts a bifurca-
tion point at fairly realistic stress and strain levels. The effects of
constitutive models on limit strains were also investigated within
the framework of the imperfection analysis. Limit strains have a
strong dependence on the description of the constitutive models,
such as the yield function, the ﬂow rule, and the hardening rule
(Bassani et al., 1978; Barlat, 1987; Hutchinson and Neal, 1978;
Tvergaard, 1978). In contrast to the bifurcation approach, limit
strains are predicted at realistic strain levels even for the J2-ﬂow
theory, provided that a certain amount of initial imperfection is
postulated. Comparisons between the limit strains predicted by
the bifurcation analysis and those predicted by the imperfection
analysis were made by Christoffersen and Hutchinson (1979) and
Tvergaard (1980). Fig. 1 shows forming limit curves calculated
using the bifurcation and imperfection analyses in combination
with the J2-ﬂow and J2-deformation theories. The J2-deformation
theory adopted here follows Stören and Rice’s formulation (Stören
and Rice, 1975). A sheet following a power-law-type strain harden-
ing rule with the exponent of 0.35 is assumed. The initial thickness
imperfection is deﬁned as nI ¼ 1 hbI =hoI ; here, hbI and hoI are the
initial thicknesses inside and outside the band, respectively. For
the J2-deformation theory, the limit strains are predicted at a real-
istic level irrespective of the magnitude of initial imperfection. On
the other hand, the limit strains for the J2-ﬂow theory are very sen-
sitive to the amount of initial imperfection. The limit strains at the
bifurcation point are predicted to be extremely high in the biaxial-
stretching range, and the limit strains for the imperfection analysis
approach the bifurcation solution as the amount of initial thickness
imperfection decreases. For both constitutive models, the limit
strains for the bifurcation analysis set an upper bound for forming
limit strains. This is a natural consequence of the formulations, that
is, when the amount of imperfection is taken to be zero in theFig. 1. Limit strains calculated by bifurcation and imperfection growth analyses
with J2-ﬂow and J2-deformation theories. A sheet metal following a power-law
hardening with an exponent of 0.35 is considered.imperfection approach, the problem is reduced to the bifurcation
analysis. The bifurcation is governed mainly by the magnitude of
the instantaneous tangent moduli. The J2-deformation theory pre-
dicts a reduction of shear components of the instantaneous tangent
moduli after plastic yielding, while the shear moduli remain con-
stant at the shear elastic coefﬁcient for the J2-ﬂow theory. There-
fore, a signiﬁcant difference emerges in the bifurcation analysis.
The reduction of the shear moduli is one of the effects of a ver-
tex or corner on a yield surface, and such a reduction does not oc-
cur when a smooth yield surface is employed as a plastic potential.
In the simulation of uniaxial tension conducted using a crystal
plasticity model, which is based on the slip mechanism of single
crystals, the reduction of the shear tangent moduli was predicted
(Hutchinson, 1970; Yoshida et al., 2009). The existence of a vertex
on a yield surface in the framework of the crystal plasticity model
was pointed out by Hill (1967). The J2-deformation theory is recog-
nized to be a phenomenological plasticity model that reﬂects the
vertex effect and therefore was applied extensively to the analysis
of plastic instability problems.
A rate-independent crystal plasticity model was applied di-
rectly to the analysis of bifurcation into the shear band mode (Pei-
rce et al., 1982). It was, however, limited to two-dimensional
double-slip deformations, because a fully three-dimensional rate-
independent crystal plasticity model involves difﬁculties associ-
ated with the determinations of a unique set of active slip systems
and corresponding slip rates. The determination of slip rates is a
problem of calculating the inverse of the constraint conditions
for slip rates. The constraint conditions can be linearly dependent
and the inverse cannot be obtained in the three-dimensional case.
On one hand, in order to circumvent such problems, rate-depen-
dent crystal plasticity models, in which all the slip systems are as-
sumed to be potentially active, were developed (Pan and Rice,
1983; Peirce et al., 1983; Asaro and Needleman, 1985). The rate-
dependent crystal plasticity models have been widely used in var-
ious types of simulation for crystalline metals. The rate-dependent
crystal plasticity model was adopted in the imperfection analysis
of sheet necking (Asaro and Needleman, 1985; Wu et al., 1997),
but not in the bifurcation analysis. Because bifurcation is governed
by the elastic moduli tensor for the case of the rate-dependent
model, the bifurcation point is not predicted at a realistic stress le-
vel. On the other hand, a computational scheme for the determina-
tion of a unique set of active slip systems and slip rates in a rate-
independent crystal plasticity model has been proposed, on the ba-
sis of a singular value decomposition (Anand and Kothari, 1996;
Knockaert et al., 2000; Miehe and Schröder, 2001). These computa-
tional procedures have overcome the limitation to the application
of the rate-independent crystal plasticity model. A three-dimen-
sional rate-independent crystal plasticity model was applied to
the imperfection analysis for localized necking only in the work
of Knockaert et al. (2002). However, it has not been employed in
bifurcation analysis. If the bifurcation analysis is conducted using
the rate-independent crystal plasticity model, it is then expected
that the analysis will yield limit strains at a realistic strain level,
because of the reduction of shear moduli in the crystal plasticity
model (Hutchinson, 1970; Yoshida et al., 2009). However, such
analysis has not been performed. Furthermore, the sensitivity of
limit strains against the amount of initial imperfection has not
been investigated in the imperfection approach. Thus, it has not
been clariﬁed whether the limit strain approaches the bifurcation
strain with decreasing the amount of initial imperfection.
In the present work, we address the problem of strain localiza-
tion in polycrystalline sheet metals with the classical bifurcation
and imperfection analyses. We ﬁrst construct a computational pro-
cedure for a rate-independent crystal plasticity model with the aid
of the singular value decomposition following the method of
Anand and Kothari (1996). Localized necking in a sheet metal is
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fection growth approaches. The present investigation is conducted
to clarify.
(i) the strain levels at bifurcation for the rate-independent crys-
tal plasticity model,
(ii) the imperfection sensitivity of limit strains, and
(iii) the inﬂuence of initial texture in bifurcation analysis.
In Section 2, theoretical frameworks of rate-independent crystal
plasticity theory are described. The problem formulations of local-
ized necking in a sheet metal for bifurcation and imperfection anal-
yses are presented in Section 3. In Section 4, limit strains are
predicted for a random texture sheet using both approaches. Then,
the limit strain of textured sheets is analyzed using bifurcation
analysis, and these results are compared with numerical results re-
ported in the literature. For comparison purposes, limit strains are
analyzed by the imperfection approach with the rate-dependent
plasticity model for the case of small rate sensitivity. The difference
between the rate-independent and rate-dependent models is dis-
cussed in Section 5. Computational schemes for the identiﬁcation
of a unique set of active slip systems and the determination of
the amount of slip and numerical integration methods for stress
and other internal variables are summarized in Appendix.
2. Theoretical framework for polycrystalline plasticity model
2.1. Rate-independent crystal plasticity model
The fundamental framework of the crystal plasticity model in a
single grain is described in this section following a line developed
by Asaro and Rice (1977) and Asaro (1979). In a single crystal, the
velocity gradient L is taken to be additively decomposed into an
elastic contributing part L⁄ and a plastic part Lp;
L ¼ L þ Lp: ð1Þ
The symmetric and antisymmetric parts of the velocity gradient L
are, respectively, the rate of deformation D = (1/2)(L + LT) and con-
tinuum spin W = (1/2)(L  LT), where ()T denotes the transpose.
Crystallographic slips are considered to be the source of plastic
deformation so that the plastic part Lp is written as
Lp ¼
X
a2A
sgnðsðaÞÞ _cðaÞsðaÞ mðaÞ with _cðaÞ > 0; ð2Þ
where sðaÞ; _cðaÞ; sðaÞ, and m(a) are, respectively, the resolved shear
stress, the slip rate, and unit vectors representing the slip direction
and slip plane normal for the ath slip system. A is a set of active slip
systems. The resolved shear stress s(a) is given by
sðaÞ ¼ sðaÞ  r mðaÞ; ð3Þ
where r is the Cauchy stress. The plastic part of the rate of deforma-
tion and the plastic spin are, respectively, the symmetric and anti-
symmetric parts of Lp and are denoted byDp ¼ 1
2
ðLp þ Lp TÞ ¼
X
a2A
sgnðsðaÞÞ _cðaÞpðaÞ; ð4Þ
Wp ¼ 1
2
ðLp  Lp TÞ ¼
X
a2A
sgnðsðaÞÞ _cðaÞwðaÞ; ð5ÞwherepðaÞ ¼ 1
2
ðsðaÞ mðaÞ þmðaÞ  sðaÞÞ; ð6Þ
wðaÞ ¼ 1
2
ðsðaÞ mðaÞ mðaÞ  sðaÞÞ: ð7Þ
The contribution L⁄ corresponds to the elastic lattice distortion and
the rotation. The lattice stretching D⁄(=D  Dp) and the lattice spin
W⁄(=W Wp) are given by
D ¼ 1
2
ðL þ LTÞ; ð8Þ
W ¼ 1
2
ðL  LTÞ: ð9Þ
The corotational rate of the Cauchy stress with respect to the lattice
spin r

is given by
r

¼ _rW  rþ r W; ð10Þ
where ð Þ

stands for the material time derivative. The elastic re-
sponse is assumed to be unaffected by slips and is taken to be gov-
erned by Hooke’s law. r

is related to the lattice stretching by the
expression
r

¼ Ce : D ¼ Ce : D
X
a2A
sgnðsðaÞÞ _cðaÞCe : pðaÞ; ð11Þ
where Ce is the fourth-order elastic tensor. The lattice corotational
rate of the Cauchy stress is related to the Jaumann rate of the
Cauchy stress r

, that is,
r
 ¼ _rW  rþ r W ¼ r

Wp  rþ r Wp
¼ Ce : D
X
a2A
sgnðsðaÞÞ _cðaÞfCe : pðaÞ þwðaÞ  rþ r wðaÞg; ð12Þ
whereW =W⁄ +Wp is used. The orientation of a slip system evolves
as
_sðaÞ ¼W  sðaÞ; _mðaÞ ¼W mðaÞ; ð13Þ
and the evolution equation for the slip resistance on slip systems
g(a) is taken as
_gðaÞ ¼
X
b2A
hab _cðbÞ; ð14Þ
where hab is the hardening moduli describing both the self-harden-
ing and latent hardening of slip systems. The hardening moduli hab
are simply speciﬁed as
hab ¼ h ¼ h0 1þ h0cas0n
 n1
; ca ¼
Z t
0
X
a
_cðaÞdt; ð15Þ
where n, h0, and s0 are the power-law hardening exponent, the ini-
tial hardening rate, and the initial slip resistance, respectively. t is
time.
Determinations of active slip systems and the corresponding
slip rates are the remainder of what must be formulated for a
rate-independent crystal plasticity model of a single crystal. These
determinations present major difﬁculties in rate-independent
crystal plasticity, since the constraint conditions for slip rates can
be linearly dependent and the inverse of the constraints cannot
be calculated. These issues can be overcome by introducing a
numerical procedure that follows the works of Anand and Kothari
(1996), Knockaert et al. (2000), and Miehe and Schröder (2001),
which are based on a singular value decomposition (Golub and
Reinsch, 1970).
For the ath slip system, a yield condition of the slip system and
its consistency condition are written as
f ðaÞ ¼ jsðaÞj  gðaÞ ¼ 0; ð16Þ
2076 K. Yoshida, M. Kuroda / International Journal of Solids and Structures 49 (2012) 2073–2084_f ðaÞ ¼ jsðaÞj_ _gðaÞ ¼ 0: ð17Þ
On the basis of these equations, slip system activity is judged as
follows:
a sip system is inactive, if js(a)j < g(a) or if js(a)j = g(a) and
jsðaÞj_< _gðaÞ, and
a slip system is potentially active, if js(a)j = g(a) and jsðaÞj_¼ _gðaÞ.
The set of potentially active slip systems is denoted by PA.
On the basis of Eqs. (3), (6), (10) and (13), jsðaÞj_ is written as
jsðaÞj_¼ sgnðsðaÞÞpðaÞ : r

: ð18Þ
Substituting Eqs. (11), (14) and (18) into the consistency condition
(17) gives a set of linear equations for active slip systems,X
b2A
Xab _cðbÞ ¼ BðaÞ with a 2 A; ð19Þ
where
Xab ¼ hab þ sgnðsðaÞÞsgnðsðbÞÞpðaÞ : Ce : pðbÞ; ð20Þ
BðaÞ ¼ sgnðsðaÞÞpðaÞ : Ce : D: ð21Þ
Eq. (19) is an alternative representation of the consistency condi-
tions for the active slip systems. By solving this equation, the slip
rates are determined. However, a set of active slip systems has
not yet been identiﬁed. First, all the potentially active slip systems,
which are identiﬁed using Eq. (16), are assumed to be active slip
systems. Then, the consistency condition of Eq. (19) is extended toX
b2PA
Xab _cðbÞ ¼ BðaÞ with a 2 PA: ð22Þ
Slip rates are determined by solving the linear equations. However,
the matrix Xab can be singular. In that case, the inverse is not ob-
tained. In the present work, the equation is solved with the use of
the singular value decomposition (Golub and Reinsch, 1970):
_cðaÞ ¼
X
b2PA
YabBðbÞ; ð23Þ
where Yab is the pseudoinverse of Xab, which is uniquely determined.
If Xab is invertible, Yab is identical to the inverse of Xab. The set of _cðaÞ
obtained have the property that the square length of the solution is
the smallest among all sets of _cðaÞ that satisfy Eq. (22). The details of
the singular value decomposition are described in Appendix A.1. If
the obtained _cðaÞ is negative, the corresponding slip system is judged
to be inactive, because _cðaÞ has been deﬁned as an absolute quantity
(see Eq. (2)). After removing this slip system from PA, the linear
equations for consistency conditions are redeﬁned and solved again
for _cðaÞ. This procedure is repeated until all _cðaÞ become positive. A set
of potential active slip systems for all positive _cðaÞ is ﬁnally deter-
mined as the set of active slip systems A. The corresponding _cðaÞ
are the slip rates for the active slip systems.
We now know the set of active slip systems and the slip rates.
Substituting Eq. (23) for the active slip systems into Eq. (12), the
rate-form constitutive equation is obtained,
r
 ¼ C : D; ð24Þ
with
C ¼ Ce 
X
a2A
X
b2A
sgnðsðaÞÞsgnðsðbÞÞYabðCe : pðaÞ þwðaÞ  r r wðaÞÞ
h
 pðbÞ : CeÞ
 i
: ð25Þ
A stress update algorithm for the rate-independent crystal plasticity
is developed on the basis of the forward Euler integration developed
by Yamada et al. (1968) and Knockaert et al. (2000). Details of the
procedure are given in Appendix A.2.2.2. Extended Taylor-type approach for polycrystalline aggregate
In the present work, an extended Taylor-type approach (Asaro
and Needleman, 1985) is adopted for rate-independent crystals
so as to obtain an effective response of a polycrystalline aggregate.
Deformation in crystals is assumed to be identical to macroscopic
deformation. In the rate-form formulation of governing equations
adopted here, the velocity gradients in crystals are equal to the
macroscopic velocity gradient. Taking volume fractions of each
grain to be identical, macroscopic quantities are obtained by aver-
aging quantities over all the crystals. For instance, the macroscopic
stress r is calculated as
r ¼ 1
N
XN
i¼1
ri; ð26Þ
where ri represents the Cauchy stress in the ith grain and N is the
total number of grains. ðÞ represents the volume-averaged macro-
scopic quantity. Then, themacroscopic constitutive equation is writ-
ten as
r

¼ C : D: ð27Þ
For bifurcation analysis, we introduce a linear comparison solid
having tangent moduli that are independent of D (Hill, 1958). In or-
der to construct a linear comparison solid, we make the following
assumption about the deformation behavior at the bifurcation
point: the difference between the velocity gradients inside and out-
side the band is not considerable so that the sets of active slip sys-
tems among all grains are the same for inside and outside the band.
This assumption excludes the nonlinearity related to a set of active
slip systems and the loading–unloading condition. It is noted that
the tangent moduli in Eq. (25) are independent of D, provided that
the set of active slip systems is the same, although the amount of
_cðaÞ always depends on D, as is seen in Eq. (19).
2.3. Modeling of textures
The procedure for generating textures is equivalent to that used
in the previous studies (Kuroda and Ikawa, 2004; Yoshida et al.,
2007). Crystal orientations are represented using Bunge’s Euler an-
gles (u1,/,u2). In order to reﬂect the orthotropic symmetries of
rolled sheets, we consider all four equivalent orientations of the
particular component family {hkl}huvwi. These four equivalent ori-
entations can be represented by (u1,/,u2), (u1 + p,/, u2),
(u1 + p,/,u2), and (u1,/,u2). The spread of the crystallographic
orientation from an ideal orientation is considered by introducing a
misorientation that follows a Gaussian distribution with the mean
value of zero. Typical value for the standard deviation of the mis-
orientation is in the range between 5 and 30 (Lücke et al.,
1981; Lequeu et al., 1987; Barlat and Richmond, 1987), and it is ta-
ken to be 15 in this work. The ﬁve texture components copper
f112gh111i, brass f110gh112i, S f123gh634i, cube {100}h001i,
and Goss {110}h001i are considered. In addition to these textures,
a random texture is generated assigning crystallographic orienta-
tions randomly with the aid of pseudorandom numbers created
with a computer. Even for the random texture, four equivalent ori-
entations are created so as to maintain the orthotropy. Each tex-
ture is constructed of 2000 grains with equal volume fractions.3. Problem formulation of sheet necking analysis
3.1. Imperfection analysis
A problem of strain localization into a narrow band in a sheet
metal is formulated here. The occurrence of localized necking is
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band mode, or to be triggered by an initial thickness imperfection.
Problem formulations for the bifurcation and imperfection growth
analyses are quite analogous. The formulations presented here
follow Marciniak and Kuczyn´ski (1967), Stören and Rice (1975),
Rice (1976), Hutchinson and Neal (1978), Needleman and Rice
(1978), Tvergaard (1980), Needleman and Tvergaard (1992), and
Kuroda and Tvergaard (2000). The imperfection analysis of local-
ized necking is ﬁrst described, and the bifurcation analysis is then
given as an extreme case of the imperfection analysis. Let us con-
sider the element with a narrow band shown in Fig. 2. An in-plane
unit vector nI = (coswI, sinwI) shows the initial band orientation,
where wI is the angle between nI and the x1-axis. The orientations
of the rolling and transverse directions are initially inclined at an
angle hI from the x1- and x2-axes, respectively. The initial thick-
nesses inside and outside the band are denoted by hbI and h
o
I ,
respectively. Hereafter, ( )b and ()o indicate quantities inside and
outside the band, respectively. The amount of the initial thickness
imperfection is speciﬁed by
nI ¼ 1
hbI
hoI
: ð28Þ
Uniform deformation ﬁelds are assumed for both inside and outside
the band. Since a thin sheet is considered here, a plane-stress con-
dition is assumed, that is, stress components normal to the sheet
are always zero. In the present study, a texture has the orthotropic
symmetry (see Section 2.3) and the orthotropic axes are in the plane
of the sheet metal (see Fig. 2). In this case, in-plane stretching with
L23 = L32 = L31 = L13 = 0 can realize the plane-stress condition. From
the condition _r33 ¼ 0; L33ð¼ D33Þ is written in terms of the in-plane
component of Dij. Eliminating D33 from the three-dimensional con-
stitutive equation, Eq. (27), the constitutive equations are rewritten
as
rij

¼ CijklDkl with i; j; k; l ¼ 1;2; ð29Þ
where
Cijkl ¼ Cijkl  Cij33C33kl
C3333
with i; j; k; l ¼ 1;2: ð30Þ
In the plane-stress state, the material time derivative and the Jau-
mann rate of the macroscopic Cauchy stress are related by
rij

¼ _rij Wik rkj þ rikWkj with i; j; k ¼ 1;2: ð31Þ
In a rate-type formulation, the compatibility conditions at the band
interface are written in terms of the velocity gradient as
Lbij ¼ Loij þ _cinj with i; j ¼ 1;2; ð32Þ
where ni = (cosw, sinw) indicates the direction of the band in the
current conﬁguration with the current band angle w, and _cinj areFig. 2. Textured thin sheet with a band-type initial thickness imperfection inclined
at angle wI.differences between the velocity gradients inside and outside the
band. _ci are unknown at this stage and are determined later. A sec-
ond requirement that must be satisﬁed is the force equilibrium at
the band interface. In the rate-type formulation, this is expressed as
ðni rbijhbÞ_¼ ðni roijhoÞ_ with i; j ¼ 1;2; ð33Þ
where ()_stands for the material time derivative and h is the current
thickness.
The in-plane components of the velocity gradient outside the
band are prescribed as
q ¼ L
o
22
Lo11
¼ D
o
22
Do11
¼ _e
o
22
_eo11
; and ð34Þ
Lo12 ¼ Lo21 ¼ Do12 ¼ Wo21 ¼ 0; ð35Þ
where _eo11 and _eo22 are the rate of change of the logarithmic strain.
The value of Lo11 ¼ Do11
 
is prescribed in the computations. Under
the condition of Eq. (35), the current band angle w is related to
the initial band angle wI by the expression
tanw ¼ expfð1 qÞeo11g tanwI: ð36Þ
Substituting Eqs. (29) and (31) into the rate form of the equilibrium
equation, Eq. (33), with the elimination of Lbij using Eq. (32) gives
simultaneous linear equations expressed in matrix form as
A11 A12
A21 A22
 
_c1
_c2
	 

¼ b1
b2
	 

; ð37Þ
where the components of [A] are constructed of Cbijkl; rbij , and ni, the
components of {b} consist of Cbijkl; rbij; C oijkl; roij; D
o
ij, and ni, and the
components of f _cg correspond to _ci. Thus, the matrixes [A] and {b}
are constructed of known quantities. Solving the linear equations
and substituting the solution f _cg into Eq. (32), the velocity gradients
inside the band are obtained. Then, the growth of the initial imper-
fection can be analyzed.
3.2. Bifurcation analysis
For a bifurcation analysis of an initially uniform sheet, the cur-
rent values of ﬁeld quantities and material properties inside the
band may be the same as those outside the band. For this case,
the components of the matrix [A] in Eq. (37) are constructed of
C bijklð¼ CoijklÞ; rbijð¼ roijÞ, and ni. Here, a linear comparison solid is
used for Cbijklð¼ CoijklÞ. The components of {b} become b1 = b2 = 0.
Therefore, the linear equations are reduced to
A11 A12
A21 A22
 
_c1
_c2
	 

¼ 0
0
	 

: ð38Þ
The trivial solutions of the linear equations are _c1 ¼ _c2 ¼ 0, which
specify the continuation of uniform deformation. If _ci are nonzero,
the deformation mode departs from the fundamental uniform
deformation mode and the localized necking mode emerges. Thus,
the onset of localized necking is considered to take place when non-
trivial solutions exist. Therefore, the condition for the localization is
det½A ¼ 0: ð39Þ3.3. Criteria for strain localization
In the present work, limit strains are analyzed for a proportional
strain path with the range from q = 0.5 to q = 1 at intervals of
0.25. In the bifurcation analysis, for a certain strain ratio, elasto-
plastic deformation is incrementally computed, and at each incre-
ment, det[A] is calculated with various band angles w. Since
det[A] = 0 is not satisﬁed exactly at any instance in the numerical
computation, the ﬁrst occurrence of det[Aij] < 0 is deﬁned as the
Fig. 3. Limit strains calculated by bifurcation and imperfection analyses with the
rate-independent crystal plasticity model.
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mic strain is the limit strain e11. For h = 0 and 90, the ranges of
band angle is w 2 [0,90], while for other cases, the band angles
of [45,135] are considered. In all cases, the intervals of w are 1.
For the imperfection analyses, for a certain strain ratio, defor-
mations inside and outside the bands are computed for various ini-
tial band angles wI, and the logarithmic strain outside the band at
the localization is deﬁned as a localization strain eL11. The limit
strain e11 is the smallest value of eL11 and the corresponding band
angle is the critical band angle w⁄. For rate-dependent materials,
the onset of strain localization is often deﬁned by the occurrence
of a much higher strain rate inside the band than that outside
the band. Whereas, for the rate-independent materials, the matrix
[A] in Eq. (37) meets the condition det[A] = 0 before the strain rate
inside the band becomes very large, and the inverse of [A], as well
as the solution f _cg, cannot be obtained (Needleman and Tvergaard,
1992). However, the occurrence of det[A] = 0 can be considered as
the onset of strain localization. Because f _cg are calculated as
_c1
_c2
	 

¼ 1
det½A
A22 A12
A21 A11
 
b1
b2
	 

; ð40Þ
and f _cg ! 1 as det[A]? 0, hence the strain rate inside the band
becomes inﬁnitely higher than that outside the band at the instance
of det[A] = 0. In the following computations, the onset of localiza-
tion is deﬁned by the ﬁrst occurrence of det[A] < 0. The interval of
wI is set to 1.
Another often-used criterion for the localization in imperfection
analysis is the occurrence of elastic unloading outside the band
accompanying continuous plastic loading inside the band. How-
ever, when Lo11ð> 0Þ is imposed as described above, the elastic
unloading outside the band never occurs. However, it can be real-
ized if Lb11 is speciﬁed instead of L
o
11. For this case, the form of the
components in [A] changes and the critical condition det[A] = 0 is
circumvented. In preliminary investigations, the limit strains at
the unloading point are analyzed imposing Lb11, and these limit
strains have been found to be identical to the limit strains at which
det[A] becomes negative when Lo11 is imposed. In this simulation,
the strain rate outside the band decreases with the growth of
imperfection, and becomes zero (neutral loading), then, in the next
instance, elastic unloading occurs outside the band, whereas plas-
tic deformation continues inside the band. Therefore, the strain
rate inside the band becomes inﬁnitely higher than that outside
the band at unloading point. This behavior corresponds to that
appearing at the instance of det[A] = 0 as mentioned above.4. Results
4.1. Localized necking in a polycrystalline sheet with random texture
In this study, the face-centered cubic crystal with twelve slip
systems of the {111}h110i type are considered. The parameters
are taken as n = 0.35, h0 = 390 MPa, and s0 = 40 MPa. Elastic defor-
mation is taken to be isotropic with Young’s modulus of 65 GPa
and Poisson’s ratio of 0.3. Limit strains in a rate-independent poly-
crystalline sheet are computed using the imperfection and bifurca-
tion analyses described in the previous section. The random
texture is considered in this subsection. Assuming the initial isot-
ropy of the random texture, computations are carried out only
for hI = 0. Limit strains calculated by the bifurcation and imperfec-
tion analyses are shown in Fig. 3. The solid line with crosses repre-
sents the limit strains calculated by the bifurcation analysis (nI = 0)
and the dashed lines correspond to those calculated by the imper-
fection analysis. The limit strains increase with decreasing amount
of the initial imperfection and tend to saturate to the bifurcation
strains, except for the strain ratio near equi-biaxial stretching.Around the equi-biaxial stretching mode, the limit strains increase
as the initial imperfection decreases and exceed the strains at
bifurcation when nI = 104. In contrast to the limit strains analyzed
with the J2-ﬂow and J2-deformation theories (Fig. 1), those calcu-
lated with the rate-independent crystal plasticity model do not
monotonically approach the bifurcation strains in the whole strain
range. In the crystal plasticity model, the development of texture
depends on the history of plastic deformation. The strain path in-
side the band depends on the magnitude of initial imperfection,
and hence texture development inside the band is also dependent
on the initial imperfection. As will be shown in Fig. 7, the limit
strain predicted by the bifurcation analysis, particularly around
the equi-biaxial stretching mode, is very sensitive to slight differ-
ences in texture. The variation of texture development inside the
band would be one of the reasons that the limit strains do not
monotonically approach the bifurcation strains when the crystal
plasticity model is applied.
When the initial imperfection nI is less than 103, the results
have little imperfection sensitivity. Indeed, the differences be-
tween the limit strains calculated by the imperfection and bifurca-
tion analyses are less than 10%. The same trend is observed for the
limit strains calculated using the J2-deformation theory, as shown
in Fig. 1.
The critical band angle at the onset of strain localization is
shown in Fig. 4 as a function of the strain ratio. The crosses indicate
the critical band angle in the bifurcation analysis. For some strain
ratios, the bifurcation criterion, ﬁrst occurrence of det[Aij] < 0, is
satisﬁed for several band angles at the same instance of incremental
computation. The increment of computation is limited such that the
sum of slip increments,
P
a2A _cðaÞDt, is less than or equal to 0.001
(see Appendix A.2 for the increment-control method used here). A
neck is inclined for q 6 0 and is almost perpendicular to the major
stretching direction between q = 0 and 0.75. For q = 1, the critical
band angle is inclined again. The bifurcation and imperfection anal-
yses both give almost the same trend of necking angle. The critical
band angle is less sensitive to the amount of initial imperfection
whether the bifurcation or imperfection analysis is used.
For the case of q = 0.5, localized strains eL11 are shown in Fig. 5
as a function of the initial band angle wI. The initial band orienta-
tion dependence of localization strains is slightly enhanced as the
imperfection decreases in the range of wI 6 18. In the region of
wIP 18, the limit strain sharply rises and this behavior is seen
Fig. 4. Critical band angle at the onset of strain localization.
Fig. 5. Relationship between localized strain and initial band angle for q = 0.5,
predicted using the rate-independent crystal plasticity model.
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illustrated in Fig. 5, 1 for the interval of the initial band angle used
here is sufﬁcient to determine the limit strain as the minimum of
localized strains.
The growth of an imperfection band, which is represented by
the ratio of the maximum principal logarithmic strain inside the
band to that outside the band eb1=eo1, is shown in Fig. 6. The devel-
opment of eb1=eo1 is shown for q = 0.5, 0, and 1. The cross attached
at the end of each line indicates the onset of strain localization. The
result for the bifurcation is also plotted, although no development
of a neck takes place. For nI ¼ 102; eb1=eo1 increases quickly at the
beginning of deformation when the material inside the neck de-
forms plastically and the outside of the band remains in the elastic
region. Thereafter, it develops gradually and ﬁnally reaches a rela-
tively high value of eb1=eo1 at the onset of necking compared with the
results for other smaller initial imperfections. eb1=eo1 at the localiza-
tion point decreases with decreasing initial imperfection. Namely,
when an imperfection is small, intensive strain localization starts
suddenly; even the strain inside the band is comparable in magni-
tude to that outside the band. The eb1=eo1 curves tend to degenerate
into the limit case of bifurcation analysis, for which eb1=eo1, of
course, remains unity until the onset of bifurcation.4.2. Limit strains for textured sheets
In this subsection, the ﬁve texture components copper
f112gh111i, brass f110gh112i, S f123gh634i, cube {100}h001i,
and Goss {110}h001i are considered. A texture constructed of a ﬁ-
nite number of orientations is affected by a series of pseudoran-
dom numbers used in the process of generating texture. In order
to examine this effect, each texture component is created three
times with different sets of pseudorandom numbers. Accordingly,
the computation of limit strains is carried out three times for each
texture component. For the random texture, in addition to the ran-
dom texture used in the previous section, two additional random
textures are additionally generated.
The inﬂuence of the pseudorandom number on limit strains is
examined. The results of limit strains for the copper, Goss, cube,
and random textures and the {111} pole ﬁgures of the three cube
texture components used in the computations are shown in
Fig. 7. The angle hI between RD and the x1-axis is set to be 0.
The limit strains are apparently affected by the pseudorandom
numbers used for generating the textures. This inﬂuence is espe-
cially signiﬁcant near the equi-biaxial stretching, while it is weak
at plane-strain stretching and uniaxial tension. The scatters of limit
strains are, indeed, as large as 0.3 in logarithmic strain for the cube
texture around the equi-biaxial stretching, although the corre-
sponding pole ﬁgures, shown in Fig. 7(b), are not distinguishable.
On the other hand, the sensitivity was much smaller in the previ-
ous work (Yoshida et al., 2007), in which the imperfection analysis
was adopted with a rate-dependent crystal plasticity model, than
the sensitivity appearing in the present work. Thus, limit strains
are very sensitive to a slight difference in initial texture in the
bifurcation analysis with the rate-independent plasticity model.
It is noted that the scatters of the limit strains for the S and brass
textures, which are not shown in this paper, have been conﬁrmed
to be comparable in magnitude to those for the copper texture.
Limit strains are computed three times for each texture compo-
nent by the bifurcation analysis with the rate-independent crystal
plasticity model. The average of the three results is plotted in Fig. 8.
The angle hI is taken to be 0, 45, and 90. For hI = 0, the limit strains
for the copper, Goss, cube, and random textures are the average of
the corresponding limit strains shown in Fig. 7(a). The limit strains
at q = 0 are almost the same irrespective of the texture component
and those at q = 1 are signiﬁcantly dependent. The limit strain for
the cube texture is signiﬁcantly increased in the biaxial stretching
range, while the limit strain for brass and Goss are considerably
low for this strain range. The forming limit curves for copper and
S cross each other in the biaxial stretching range.
For hI = 45, the limit strains of the cube texture are increased in
most of the range of the ﬁgure including the plane-strain stretch-
ing mode (q = 0). For the other texture components, the limit
strains never exceed those for the random texture. Except for the
cube texture, the limit strain at the plane-strain stretching mode
is negligibly affected by texture. The inﬂuence of texture is again
negligible for this mode. The limit strains of brass and Goss are re-
duced signiﬁcantly for the biaxial stretching range.
For hI = 90, the limit strains for the cube texture are repeated
from those for hI = 0, because of the symmetry of the texture.
Again Goss and brass show low limit strains for the biaxial stretch-
ing range. The limit strain of Goss is reduced also at the plane-
strain stretching mode. Only for the range of 0 6 q 6 0.5, the limit
strains of copper lie above those for the random texture.
On the basis of the predicted limit strains, the features observed
here are exactly the same as the ones observed in the imperfection
analysis with the rate-dependent model in the previous work
(Yoshida et al., 2007). However, a slight difference in that the in-
crease in limit strains for the cube texture is greater in the present
investigation, in which we used the bifurcation analysis, than the
(a) (b)
(c)
Fig. 6. Development of strain localization for (a) q = 0.5, (b) q = 0, and (c) q = 1.
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dependent model was used, is observed. Similarly, the reductions
of limit strains for brass and Goss aremore considerable in the pres-
ent investigation. Thus, the inﬂuence of texture on the limit strains
appears more strongly in the bifurcation analysis with the rate-
independent model.
5. Comparison with rate-dependent crystal plasticity model
Attention has been directed to the rate-independent crystal
plasticity model in the present paper, however a rate-dependent
type of crystal plasticity model is widely used in various investiga-
tions. It is worthwhile to compare the rate-independent and rate-
dependent models. In a rate-dependent crystal plasticity model, a
slip rate is often assumed to be given by the power-law depen-
dence of the resolved shear stress (Pan and Rice, 1983; Peirce
et al., 1983; Asaro and Needleman, 1985),
_cðaÞ ¼ _c0 s
ðaÞ
gðaÞ


1=m
; ð41Þwhere _c0 and m are the reference slip rate and the rate-sensitivity
exponent. The rate-form constitutive equation is written as
r
 ¼ Ce : D P; ð42Þ
with
P ¼
X
a
sgnðsðaÞÞ _c0 s
ðaÞ
gðaÞ


1=m
fCe : pðaÞ þwðaÞ  rþ r wðaÞg: ð43Þ
Limit strains are computed using the imperfection analysis in com-
bination with the abovementioned rate-dependent crystal plasticity
model. The random texture, which is the same as that used in Section
4.1, is considered. The material parameters are taken as _c0 ¼ 0:002
and m = 0.002 and the other material parameters are the same as
those listed in Section 4.1. The prescribed value of the velocity gradi-
ent outside the band is set as Lo11 ¼ _c0 for all strain ratios. Fig. 9 shows
the predicted limit strains for various initial imperfections. The
bifurcation result for the rate-independent model in Fig. 3 is re-
peated for comparison purposes. The limit strains monotonically in-
crease with decreasing initial imperfection and pass through the
bifurcation results for the rate-independent model. The limit strains
(a)
(b)
Fig. 7. Limit strains in textured sheets calculated by bifurcation analysis (a). Three {111} pole ﬁgures of cube texture used in the calculation (b).
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the rate-independent model, even when a relatively small rate sen-
sitivity, m = 0.002, is employed.
In fact, for the rate-dependent material, the bifurcation, which
gives the upper bound for imperfection analysis, occurs at the
stress level comparable to the elastic constants (Tvergaard,
1989), since the matrix [A] in Eq. (39) is constructed mainly of
the elastic tensor. The viscoplastic part of the rate of deformation
is uniquely determined with the current stress and the current ori-
entation of slip systems (see Eqs. (4), (6) and (41)); hence the dif-
ference in the velocity gradients can emerge only in the elastic
part. As a matter of fact, the bifurcation for the present rate-depen-
dent material occurs when the major stresses reach the stress lev-
els between 0.5E and 2.5E, where E is Young’s modulus. As a
consequence, the corresponding limit strains become extremely
large. On the other hand, the predicted limit strains for the imper-
fection analysis remain in the realistic strain level even for
nI = 105. Fig. 9(b) shows that the limit strain is quite sensitive to
small variations of the imperfection around nI = 0. However, the
computation with much smaller initial imperfection was not pos-
sible, because of the limit on the precision of numerical computa-
tion. The transient behavior of limit strains from the realistic strain
level to the extremely high strain levels has not been demon-
strated, although it is expected to occur.
In the bifurcation analysis, the rate-dependent model does not
give realistic limit strains. The main reason is the lack of a coupling
of elastic and plastic properties in the tangent moduli. For the rate-
independent model, the time derivative of the yield function(consistency condition) is computed so as to determine the
amounts of slip rates, and this operation leads to coupling between
the elastic and plastic properties in the tangent moduli. On the
other hand, for the rate-dependent model, the slip rates are given
simply by the ratio of shear stress to slip resistance in Eq. (41). The
time derivative of the equation does not appear. Thereby, the cou-
pling between elastic and viscoplastic properties does not emerge
in the tangent moduli, as is seen in Eq. (42).
As a rate-dependent model, the overstress model is employed
here and the inelastic strain rate is considered as the uniﬁed visco-
plastic strain rate. In the superposition model, the inelastic strain
rate is additively decomposed into the plastic and viscoplastic (or
creep) strain rates (Lemaitre and Chaboche, 1990; Kaliakin and
Dafalias, 1990; Cailletaud and Sai, 1995; Hashiguchi et al., 2005).
In this framework, the tangent moduli become the same as those
for the rate-independent model; hence the coupling between elas-
tic and plastic properties appears in the tangent moduli. Therefore,
this type of rate-dependent model provides the bifurcation point in
a realistic stress and strain level.
Onset of localized necking was simulated by means of the ﬁnite
element method by Wu et al. (2007), in which each grain is ex-
pressed by several elements. In their simulation, without setting
the initial geometrical imperfection, strain localization was pre-
dicted as a natural outcome of the heterogeneity of microstructure
initially existing in a material. They reported that spatial distribu-
tion of grain orientations could lower the limit strains. Whereas,
both imperfection and bifurcation approaches adopted in the pres-
ent work do not account for any spatial heterogeneity. Therefore, if
(a)
(b)
(c)
Fig. 8. Limit strains for textured sheet calculated by bifurcation analysis.
(a)
(b)
Fig. 9. Limit strains calculated by imperfection analysis with a rate-dependent
crystal plasticity model for m = 0.002.
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tic ﬂow localization, the ﬁnite element simulation with the crystal
plasticity model is necessary to obtain a reliable prediction. The
advantages of the imperfection and bifurcation approaches are
their simplicity and less expensive computational cost.
6. Summary
The present work is a revisitation of classical necking analysis.
The rate-independent crystal plasticity model has been formulated
with the aid of a singular value decomposition method. Plastic ﬂow
localization into a narrow band in polycrystalline sheets has beeninvestigated using the bifurcation and imperfection analyses. We
now have the following answers to the issues listed at the end of
Introduction.
(i) Bifurcations from homogeneous deformation to a localized
necking mode are predicted in the realistic strain levels in
the biaxial stretching mode for the rate-independent crystal
plasticity model.
(ii) Limit strains calculated by the imperfection analysis
approach those at the bifurcation points as the initial imper-
fection decreases. When the initial thickness imperfection nI
is less than or equal to 103, the imperfection sensitivity of
limit strain is negligibly small.
(iii) For initially textured sheets, the limit strains computed by
bifurcation analysis are qualitatively in agreement with
those computed by imperfection analysis with the rate-
dependent model. However, the inﬂuence of texture is pro-
nounced in the bifurcation analysis for the cube, brass, and
Goss textures. A slight variation in initial texture is found
to affect the limit strain signiﬁcantly.
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A.1. Singular value decomposition
Let us consider linear equations Ax = b, where A is a real n  n
matrix and x and b are a real n column matrix. The problem here
is how to obtain x that satisﬁes Ax = b, where A and b are given,
when rank (A) < n and the matrix A is singular. The unique solution
can be obtained with the aid of singular value decomposition (Go-
lub and Reinsch, 1970). The singular value decomposition of A is
written as
A ¼ URVT; ðA:1Þ
where
UTU ¼ VTV ¼ VVT ¼ I; R ¼ diagðr1;   ;rnÞ; ðA:2Þ
and ()T refers to a transpose, and ‘‘I’’ and ‘‘diag’’ represent the unit
and diagonal matrixes. The matrix U consists of n orthonormalized
eigenvectors of AAT and the matrix V consists of the orthonormal-
ized eigenvectors of ATA. The diagonal elements of R, which are
called singular values, are the non-negative square roots of the
eigenvalues of ATA. It is assumed that r1P r2P   P rnP 0. If
rank (A) = r (r < n), then rr+1 =   = rn = 0. The pseudo-inverse of
the matrix A, denoted by A+, is given by
Aþ ¼ VRþUT; ðA:3Þ
where
Rþ ¼ diag rþi
 
; ðA:4Þ
rþi ¼
1=ri for ri > 0
0 for ri ¼ 0
	
: ðA:5Þ
On the basis of the pseudo-inverse, the solution of the linear equa-
tions Ax = b is
xþ ¼ Aþb: ðA:6Þ
The solution x+ possesses some important features. The solution x+
satisﬁes the linear equations Ax = b; the norm of x+ is the minimum
among all possible solutions that satisfy Ax = b; and if A is nonsingu-
lar, A is invertible and the pseudo-inverse is identical to the inverse
A+ = A1. The singular value decomposition is applied to solve the
linear Eq. (22), i.e.,
P
b2PAX
ab _cðbÞ ¼ BðaÞ.
A.2. Stress update algorithm for rate-independent crystal plasticity
model
The stress update algorithm introduced here is an Euler forward
method based on approaches developed by Yamada et al. (1968)
and Knockaert et al. (2000). The principle concern is to construct
a simple stress update algorithm and not to elaborate an efﬁcient
computational scheme. We restrict the deformation increment to
be small enough that elastoplastic response can be approximated
by the linear relationships between the increments of stress and
those of strain.
Let all internal values, such as stresses in each grain and accu-
mulated slips of each slip system in all grains, be known at current
time step. The macroscopic velocity gradient is taken to be speci-
ﬁed. As a result of an extended Taylor’s model, the velocity gradi-
ents in grains are identical to the macroscopic ones. Then, an
instantaneous tangent moduli in a rate-form constitutive relation
are constructed on the basis of the equations in Section 2.2 with
the use of singular value decomposition. The rest is how to deter-
mine an adequate time increment to ensure the accuracy of
numerical computation. First, an arbitrary time increment Dt is
assumed (the deformation behavior is time independent in thepresent work, and other incremental values can be used in this
method instead of the time increment). An incremental form of
the constitutive relations is straightforwardly obtained by multi-
plying the rate-form constitutive equations and the time incre-
ment. Similarly, incremental forms of all internal values are
obtained.
For an active slip system, the slip increment is obtained with
equation (23),
DcðaÞ ¼ _cðaÞDt ¼ YabBðbÞDt; ðA:7Þ
and the shear stress increment is expressed as
DsðaÞ ¼ _sðaÞDt ¼ pðaÞ : Ce : D pðaÞ : Ce :
X
b2A
_cðbÞsgnðsðbÞÞpðbÞ
( )
Dt:
ðA:8Þ
Then, we constrain the amount of these incremental values by
adjusting the amount of Dt. Maximum allowable values for the
sum of the slip increment and that of the shear stress increment
are speciﬁed by Cc and Cs, respectively. We introduce coefﬁcients
rc and rs to adjust the time increment as rcDt and rsDt. rc and rs
are determined such that the sums of D c(a) and Ds(a) coincide with
Cc and Cs, respectively:
rc ¼ Cc
Dt
X
a2A
_cðaÞ
 ! for sum of slip increment; ðA:9Þ
rs ¼ Cs
Dt pðaÞ : Ce : D pðaÞ : Ce :
X
b
_cðbÞsgnðsðbÞÞpðbÞ
( )
for shear stress increment: ðA:10Þ
The coefﬁcient rc is calculated for all grains and rs for every active
slip system in all grains. The sum of the slip increments is Cc for
the time increment rc Dt, and the shear stress increment is Cs for
the time increment rsDt.
For an inactive slip system, the shear stress is below or equal to
slip resistance at the beginning of the increment. During the incre-
ment, the change in shear stress is caused solely by elastic defor-
mation. The shear stress at the end of the increment may exceed
the slip resistance if the time increment size Dt is too large. In this
case, the yield criterion may be violated. We introduce another
coefﬁcient rY to adjust the time increment as rYD t. rY is calculated
such that a shear stress on an inactive slip system reaches the slip
resistance at the end of the increment, i.e., jsðaÞj þ jsðaÞjr YDt ¼
gðaÞ þ _gðaÞrYDt.
rY ¼ g
ðaÞ  sgnðsðaÞÞsðaÞ
Dt sgnðsðaÞÞ _sðaÞ 
X
b
hab _cðbÞ
( ) ðA:11Þ
At the end of the increment of rYDt, the slip system meets the yield
condition, hence the slip system remains inactive during the incre-
ment. The coefﬁcient rY is calculated for all inactive slip systems in
all grains.
The coefﬁcients rc, rs, and rY are calculated for all grains and slip
systems using the three equations (A.9)–(A.11) and the minimum
value among them, denoted by rmin, is identiﬁed. Multiplying rmin
and the initially postulated time increment Dt, the time increment
is eventually determined to be rminDt. Incremental quantities of
internal variables are obtained simply by multiplying rminDt and
the corresponding rate value. In the actual computations,
Cc = 0.001 and Cs = 0.005s0 are used.
Stress, s(a), andm(a) must be updated accurately to maintain the
yield condition at the end of the increment. These quantities can be
calculated accurately by
2084 K. Yoshida, M. Kuroda / International Journal of Solids and Structures 49 (2012) 2073–2084sðaÞnþ1 ¼ DR  sðaÞn ; mðaÞnþ1 ¼ DR mðaÞn ; ðA:12Þ
rnþ1 ¼ DR  rnþ1  DRT; ðA:13Þ
with
DR ¼ Iþ sinx
x
WrminDt þ 1 cosxx2 W
2ðrminDtÞ2;
x2 ¼ ðrminDtÞ
2
2
trðW2Þ; ðA:14Þ
rnþ1 ¼ rn þ r

rminDt; ðA:15Þ
where ()n and ()n+1 respectively denote the quantities at the begin-
ning and end of the increment, and rnþ1 is the stress observed in the
corotational frame with respect to the lattice spin W. If these
quantities are calculated as rnþ1 ¼ rn þ _rrminDt with _r ¼ r
 þ
W  r r W; snþ1 ¼ sn þ _srminDt, and mnþ1 ¼mn þ _m rminDt, the
shear stress on an active slip system sometimes drops below the
slip resistance at the end of the increment.
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